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ABSTRACT Our earlier theory on the same subject (Ohta, T.; Kawasaki, K. Macromolecules, 1986,19,2621) 
was reformulated so as to  exhibit the scaling behavior inherent in the free energy functional. In this way 
we naturally recover the domain size of mesophases behaving as the two-thirds power of the polymerization 
index. The higher order long-range interactions of the parameter field are found not to be small and indicate 
a need to  accurately calculate free energies in various mesophases, which is a purely geometrical problem in 
the strong segregation limit of the symmetric block copolymer model. 

1. Introduction 
In the previous paper to be referred to as part 1 on the 

same subject’ we developed a theory of equilibrium mor- 
phology of block copolymer melts on the basis of Leibler’s 
field-theoretic formulation.2 There we have  shown that 
effects of connectedness of the two blocks can be repre- 
sented by repulsive (attractive) Coulomb-type forces be- 
tween the monomers of the same (different) species. Here 
the main approximation for the model was that the part 
of the free-energy functional containing the long-range 
interaction of the local monomer concentration fluctuation 
can be represented by the above-mentioned Coulomb-type 
two-body interactions where we have seen cancellation of 
leading terms of the higher order interactions of long range. 

However, effects of the terms left out are yet to be exam- 
ined. Indeed we will find that these terms are by no means 
negligible. 

Another significant result which was found but was not 
stressed in part 1 is  that in the strong segregation l imit  
the dimensionless relative free energies of various meso- 
phases are functions of the volume fraction of the A-rich 
domains uniquely determined by the geometry of the 
mesophase structures. Thus it is interesting to see how 
general this result is beyond the specific approximation 
made in part 1. 

Under this circumstance we here reformulate the prob- 
lem of equilibrium morphology of a block copolymer melt. 
Although we start in section 2 with the field-theoretic 
formalism as in part 1 and in Leibler’s work, we do not rely 
on the mean-fieid approximation from the outset to derive 
the free-energy f~&onal .  The mean-field approximation 
will be replaced by certain assumptions like that associated 

* Address correspondence to this author a t  the Department of 
Physics, Ochanomizu University, Tokyo 112, Japan. 

0024-9297/88/2221-2972$01.50/0 0 1988 American Chemical Society 



Macromolecules, Vol. 21, No. 10, 1988 

with incompressibility (section 3) and the Gaussian chain 
statistics (section 5).  In section 4 we show a scaling be- 
havior of the free energy functional, thereby demonstrating 
the domain size growing as a two-thirds power of the po- 
lymerization index. We also find there and in section 5 
that the higher order long-range interactions emerge which 
were left in part 1 and scale in the same way as those 
retained in part 1. Attempts are made in section 7 to 
estimate numerically these higher order contributions. 

2. Field Theory of Block Copolymers 
We consider a system composed of n diblock copolymer 

chains, each containing NK monomers of species K with 
K = A and B. We denote by c a configuration of the entire 
polymer system and by H(c) the microscopic Hamiltonian 
whose precise form is not specified. The partial monomer 
number densities are expressed as 

Block Copolymer Melt Morphology 2973 

(2.9) with +(r) = 0 gives the order parameter profile in a 
mesophase state of block copolymers. Here we should 
stress generality of this approach: (1) all the fluctuation 
effects are included in the partition function (2.6), and (2) 
although we focus our attention only on the order param- 
eter profile, other variables such as the total density are 
not left out of the problem. 

The generating functional w(4) is now expanded as 

(2.10) 

where we have introduced the shorthand notations: j 
stands for rj and upper bars indicate integrations. Then 
we have 

Cm(1 2 ... m) = [6mWd/6d(l) 64(2) ... Sdm)l{+o 

" 1  
,=I m! w(4) = -c,(i 2 ... m)4(i)  4(2) ... 4(m) 

= (&) 4(2) e * *  &WC 
(2.11) 

where the angular bracket denotes a connected average. 

(2.12) 

Absence of the term m = 1 in (2.12) is due to the fact that 
(2.13) 

Likewise H($) is expanded as 
" 1  

,=2 m. 
H($) = C 7rm(i 2 ... m)$(i) $(2) ... +(a) 

rl(r) = [~~(+1/6$(r) l l$l=o = [4(r)ll$l=o 
should generally vanish. We again have 
r,(l 2 ... m) = [6mHhb)/6$(1) 6$(2) ... 6$(m)l,+o (2.14) 

The F's are readily expressed in terms of the C's if we 
substitute (2.9) into the right-hand side (rhs) of (2.7) and 
compare the coefficients of expansion of the both sides in 
powers of the $'s. Here we list the first three such ex- 
pressions: 

rz(i 2) = cz-l(i 2) (2.15a) 

(2.15b) 
r3(1 2 3) = -C2-l(i i) cZ-l(2 2) c3-l(3 3) c3(i 2 3) 

r4(i 2 3 4) = c2-l(1 i) c2-'(2 2) C ~ l ( 3  3) Cz-l(4 4) 
(-C,(i 2 8 a) + c,-l(5 6)[C,(i 2 6) c3(3 4 6) + 
c3(i 3 5)  c3(2 4 6) + c3(i 4 6 )  c3(2 3 6)]) (2.15~) 

where C2-l is the inverse function defined by 
C2-1(1 2) C2(2 3) = 6(1 3) (2.16) 

S(ij) being the delta function 6(ri - rj). 
Since we have translational invariance for @(r) = $(r) 

= 0, it is sometimes more convenient to consider Fourier 
transforms C and r of the C's and the r's, respectively, 
defined for m 1 2 as 

C,(ql ... a,) = V' l ldr ,  ... l d r ,  Cm(rl ... r,) x 
exp(iql.rl + ... + iqm.rm) (2.17) 

and similarly for f,, where V is the system volume. 
So far everything is formal and exact and does not even 

reflect in any substantial way the fact that we are dealing 
with polymers. To make further progress we need to know 
the properties of the I"s and hence the C's. 

3. Strong Segregation Limit 
In this paper we will be exclusively concerned with the 

strong segregation limit in which there is a strong repulsive 
interaction between monomers of different species. This 
can be represented by the local free energy density of the 
form 

-1/,Sdr x&r) (3.1) 

where each chain is parametrized by 7 along its length (0 
< T < N = NA + NB) and C~(T) is the position vector of the 
monomer at  T of the i-th polymer chain. The local order 
parameter is then given by 

A,B 

K 
ri/(r) = c fK;K(r) (2.2) 

with 
fA E NB/N = 1 - f fB = -NA/N = -f (2.3) 

Throughout the paper we use symbols with carets to de- 
note microscopic expressions. We note from (2.2) and (2.3) 
that 

S & r )  d r  = 0 (2.4) 

In the following it is most useful to employ the field- 
theoretic formalism of Brezin and others? which has been 
adapted to block copolymers by Leibler.2 However, in 
contrast to Leible?, a t  this stage we neither assume any 
specific form for H(c) nor rely on the mean-field approx- 
imation. _We then introduce the field $(r), which is con- 
jugate to +(r), and also the generating functional W(4) by 

w41 = In [Z(4)/Z(O)l (2.5) 

Z(4) l d c  exp(-Z?(c) + l d r  4(r) $(r)) (2.6) 

where the Boltzmann constant times the absolute tem- 
perature has been equated to unity for simplicity. Next 
we introduce another functional Hi+) as 

(2.7) 

where $(r) and $(r) are not independent but are related 
as 

+(r) = W4)/64(rl = (li/(r)){ml (2.8) 

Th? notation implies that $(r) is indeed the average value 
of $(r) in the presence of the conjugate field +(r). Natu- 
rally we can require 

S$(r) dr = 0 (2.4') 

Hi+) = -Wk#4 + l d r  d r )  J.W 

Then we also find 
4(r) = 6HIJ.VMr) (2.9) 

The conjugate field can play the role of a symmetry- 
breaking field which can be set to zero afterward, where 
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$ = $A is fixed by the condition (2.4) or by 

Y 

I I I 4J 
4, 0 4, 

Figure 1. Local free energy function. 

where x is the positive Flory-Huggins interaction param- 
eter.4 

We also assume the system to be incompressible. This 
condition is expressed by saying that the total local average 
monomer density p(r) = pA(r) + p B ( r )  is uniquely deter- 
mined by the local relative concentration of the two 
species: 

p(r) = F[$(r)/p(r)I (3.2) 

Now, J / / p  is restricted to be in the interval between f B  < 
0 and fA > 0, and, hence, for a smooth function F, the 
values of p are also limited in some interval, say, between 
pmin and pmax. Expressing (3.2) in terms of $(r) as a 
function of p(r), which is assumed to be nonsingular, we 
see that the values of $(r) are restricted to be in some 
interval, say, between $B < 0 and $A > 0. In particular, 
if F is a constant so that p(r) = po(constant), we find $A 
= p f l A / N  and $9 = - p f l B / N .  But this restriction is not 
necessary. We can write (3.2) as 

$ = x F ( x )  x = $ / p  (3.2’) 

Since x is bounded by f B  and fA, the bounds on $ to be 
denoted as $B and $A are given by the minimum and 
maximum, respectively, of xF(x) for x between fg and fA. 
The corresponding total densities are denoted as pOg and 
pOA, which can be different from each other. As we shall 
see below, in order for the strongly segregated states with 
domains consisting of pure A or B type monomers to be 
realized, the extrema of xF(x) should occur at the two 
bounds of x ,  namely, fB and fA, which will be assumed to 
be the case hereafter. Otherwise, strong segregation will 
be hindered by the incompressibility effects. Thus we can 
take 

$A = f@OA $B = fBPOB (3.3) 
With the above consideration we see that the local free 

energy density W expressed as a function of $(r) consists 
of the two terms 

(3.4) 

in which 5 in (3.1) has been reQlaced by $, neglecting 
effects of local fluctuations of $. Wo($) is a smooth 
function in the interval ($&A) and is infinite outside. See 
Figure 1. 

As x tends to very large values in the strong segregation 
limit, two very sharp minima start to appear in W($) at 
$ = and $B. Then we will have well-defined domains 
with $ equal either to $A or to $9. Note that in contrast 
to two-phase states of usual phase separation, the two 
minima of W($) need not be equal. A block copolymer 
system is still a one-component system in the thermody- 
namic sense and the volume fraction dA of the domain with 

W$) = wo($) - ‘ /x$2 

Since the two components of each block copolymer chain 
cannot be separated, we have mesophases with sharp do- 
main walls. 

The properties of the local free energy described above 
must be derivable from the microscopic free energy H(c)  
and thus should be reflected in the actual form of H($), 
(2.12). The task of actually verifying this is, however, 
formidable and will not be attempted. Here we merely try 
to identify the terms in HI$) responsible for such meso- 
phase structures. 

First we divide without loss of generality the functions 
Fm{q), the Fourier transform of rm(12 ... m), into two parts 
as 

FmlqI = fmslq) + FmLlqI  (3.6) 
where fmS(q) remains finite as all the q variables tend to 
zero whereas fmL(q) vanishes when all the lql tend to in- 
finity. Here we associate the terms which vanish as-& the 
lql diverge but remain finite for vanishing Iql with FmS(q]. 
Then FmL{q) diverges as all the Iql tend to zero. Next we 
make a plausible assumption that fms(q) can be expanded 
in an ascending series of the q’s so that the corresponding 
function rmS(l, 2, ..., m) has a cluster property. That is, 
rmS(l, 2, ..., m) practically vanishes whenever any pair of 
the points 1,2, ..., m is separated by a distance greater than 
some finite length, say, ro, much smaller than N1J2b, b being 
the segment length. We argue that @(+I which is H{$) 
where all the I”s are replaced by rS’s describes phase- 
separated states with well-defined domains. That is, the 
associated Euler equation which minimizes PI$} under the 
condition (3.4) 
“ 1  
C Trm+ls(r, T Z ... m) $(i) $(Z) ... $(m) = x (3.7) 

m = l  m. 
h being the Lagrange multiplier arising from (2.4), should 
have solutions of the following two types: (i) uniform states 
with constant $(r) equal either to $A or to $B; (ii) states 
with a flat domain wall which divides two domains with 
$ = $A and $ = $9. The domain wall thickness 4 is of the 
order of ro/x1/2 and is much smaller than other length 
scales such as the dimension of a chain.5 

The domain wall encountered here is something like a 
domain wall in a ferromagnet under an external field, 
which is not stationary and moves in the direction of de- 
creasing the magnetic free energy. Here such a domain 
wall is made stationary by the constraint (2.4). 

Since the volume fraction of one of the domains, +A, 
cannot be changed, the only relevant part of @($) is the 
domain wall free energy. Thus we have, omitting an un- 
important constant part, 

@($I = uA (3.8) 
where u is the domain wall free energy per unit wall area 
and A is the total domain wall area in the system. 
PI$) alone, however, is inadequate, of course, to describe 

mesophase morphology or the equilibrium domain struc- 
tures, and we now focus on the remainder denoted as H‘$+ 

where 
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recall arbitrariness of the choice of a monomer unit. Thus 
the values of NA and NB as well as the Kuhn length bA and 
bB can depend on this arbitrariness. However, the com- 
binations NAbA2 as well as NBbB2 are no longer arbitrary 
since they are the square of the gyration radii of the A and 
B blocks of a block copolymer, respectively. Thus, we can 
incorporate asymmetry effects of the two species in the 
following discussions by reinterpreting NK to mean NKbK2. 
We further assume absence of volume change of mixing 
of monomers of the two species so that the total system 
volume can be fixed. 

4. Scaling Behavior 
In strongly segregated diblock copolymer, the A-B 

junctions of polymer chains lie on domain walls. This has 
the effects of extending polymers chain in the perpendi- 
cular direction to the domain wall beyond the gyration 
radius NI2. This extension will characterize the scale of 
mesophase domain structure, which is denote$ as 1 and will 
greatly exceed the gyration radius. Then $q will be im- 
portant mainly for Iql - 1-1 where (N/2q( are very small. 
To see this in mere detail, we have to study the small lql 
behavior of the rL’s for which we also need the small lql 
behavior of the C‘s by relations like (2.15). For thjs pur- 
pose we make use of the multipole expansion of $(r) to 
be described now. 

We start from (3.12) which we rewrite by using the 
position vector Ei of the i-th chain defined as 

(3.10) 

and 

qq = Se- i*r$(r )  dr (3.11) 

Here $(r) can be taken to represent some well-defined 
domain structures. 

Let us now assume that the rL’s or the fL’s are domi- 
nated by long-range order parameter correlations which 
are partially justified by the results obtained below. Then 
polymer chain statistics can be used to study the behavior 
of these functions. 

One surprising fact about polymer melts is that equi- 
librium statistics of long-chain molecule obeys the Gaus- 
sian law. This law, which is also referred to as Flory’s 
theorem: is considered to be asymptotically exact for large 
polymerization indices. We should also note that the re- 
pulsive interactions between monomers of different species 
have already been taken into account in PI$). We hence 
assume the Gaussian statistics of ideal polymer chains. 
Then there exists a characteristic length, the gyration 
radius of a chain, which is simply denoted as MI2, omitting 
a prefactor with the dimension of length. (We will not 
worry about dimensions of various quantities.)- Then, in 
view of the definitions (2.1), (2.2), and (2.11), C, with m 
1 2, which correspond to ideal Gaussian chains, should 
have a prefactor V%Nm = p,,N’”-’ where po is the total 
monomer density since 

qq E Sciwr$(r) dr = & d7 f(7)?exp(-iqCi(r)) 
N 

irl 

contributes a factor N from each chain and different chains 
are statistically independent in the Gaussian case. Here 
we have defined 

f ( 7 )  = fA 0 < < NA 
= fB NA < 7 C N (3.13) 

so that we have 

JNf(7) dr = 0 (3.14) 

which is another expression of the property (2.4). 
Therefore we can write, denoting the set q,, ..., a, simply 

&{q) = Nm-1e,{N/2q) ( m  1 2 )  (3.15) 

where e ,  is a scaling function which can also depend on 

Using relations like (2.15) or their Fourier transforms, 

fmL{q) = N-1ym{N1/2q) (3.16) 

The foregoing analysis is now summarized in the fol- 

as (q) 

f K -  

we also find the following scaling behavior: 

the scaling function ym again depending also on fK. 

lowing form for HI$): 
H{$1 = 

(3.17) 

where by definition y, should tend to zero for all (9) much 
greater than N-l12. 

We end this section by a remark on possible asymmetry 
effects of the two species on Gaussian averages following 
the discussion of Helfand and Sapse? Here it is useful to 

E .  I - S N d 7  1 ci(7) 
N o  (4.1) 

Thus we have 
N &, = G e - i N i S  f(7)e-iQ‘6Ci(+) d7 (4.2) 

1 0 

with 

BCi(7) = C i ( 7 )  - Ei (4.3) 
Expanding the integrand of (4.2) we have using (3.14) 

where the expansion coefficients are multipole moment 
tensors of the i-th chain given by 

P i  E S Sci(7) f(7) d7 
N 

(4.5a) 
0 

N 
Qi 8 4 7 )  B c ~ ( T )  f(7) d7 etc. (4.5b) 

0 

The corresponding expression for $(r) is 

$(r) = -v-P(r) + f/2Vv:Q(r) (4.6) 

where the multipole moment tensor densities are given by 

P(r) = CPiS(r - ei)  (4.7a) 

Q(r) = CQiS(r - ei) etc. (4.7b) 

In order to  evaluate the connected Gaussian averages e,,, 
it is enough to consider the single-chain contributions and 
multiply the results by n in view of the statistical inde- 
pendence of different ideal Gaussian chains. Thus, (4.4) 
can be temporarily replaced by 

IJ, = - iqP  - l/zqq:Q + ... (4.8) 

where the suffices i and the factor exp(-iqEi) have been 
omitted due to translational invariance. By definition, 

I 

i 
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connected Gaussian averages of P which is linear in 8(7) 
disappear. Hence nonvanishing connected Gaussian av- 
erages necessarily involve higher moments. Thus we 
consider a connected Gaussian average of the following 
form appearing in C,: 

(XIX2 * * a  X m ) c  (4.9) 
where X i  is a multipole moment containing p j  factors of 
47). This connected average can be represented graphi- 
cally by wires. Since at  least m - 1 wires are required, we 
must have 

Macromolecules, Vol. 21, No. 10, 1988 

Since W/2/1 behaves as N-lIS and the k's are of the order 
of unity, the arguments in the 4's can be replaced by zero 
provided the integrals in (4.19) converge at  large lkl. We 
assume this to be the case, which will be discussed later. 
Then we have 

V-'H($] = p$] (4.21) 

with hi$] the dimensionless free energy density given by 

m 

C p j  I 2(m - 1) (4.10) 
j=1 

Since each factor of c ( r )  carries with it a wave vector 
collectively denoted as q, (4.9) should behave for small q 
at  most as 

(X'X2 ... xm)c - qZ(m-1) (4.11) 

Hence C,{q) for the n-chain system should behave in the 
same way. This fact is combined with (3.15) to obtain 

C,lq) = Nz(m-1)q2(m-1)&,(N'/2q], m I 2 (4.12) 

where, barring accidental cancellation, 
&,(O) = finite (4.13) 

From the relationships like (2.15) we then find 

PmL(q) = po3m-5N-2q-2?m(N1/2q] (4.14) 

where 

lim ?,(W/2q) = finite (4.15) 
e+ 

and we have extracted powers of some length lo so that the 
4's become dimensionless quantities. By construction, 
4m{N1/2q) must be such that (4.14) should vanish when all 
the Jql's go to infinity. If this were not the case the non- 
vanishing part must have been associated with Fms(q) as 
mentioned before. This ambiguous situation, however, 
does not affect the small Iql behavior of (4.14) with the q's 
in 4, equated to zero. 

The total free energy functional density per unit volume 
now takes the following form: 

V-'H($] = a(A/V)  + 

where qm is a typical size of the q's like [ C y ~ ~ / m ] ~ / ~ .  
Now, what we have said about the behavior of $q at  the 
beginning of this section suggests the following changes 
of variables: 

(bq = (l/10)3$k k = lq (4.17) 

where 1 is some length to be determined. Then A/  V,  which 
has the dimension of inverse length, is scaled as 

A / V  = l-lA (4.18) 

where A is the dimensionless domain wall area density. 
Then (4.16) reduces with E ,  = lq, to 

We can now choose 1 to be 
1 = (uZ05)1/3fl/3 (4.20) 

(4.22) 

where g,(o,) is given by (4.15) which can depend on the 
relative orientations om of kl, k,, ..., k,. 

Note that all the quantities appearing in (4.22) are di- 
mensionless, and the length 1, (4.20), gives the linear di- 
mension of mesophase domains as a function of the po- 
lymerization index, which reproduces the result of refer- 
ences 1, 2, 5, and 6. Now, $k represents a Fourier trans- 
form of the domain structure function. Thus, if the 
wavenumber is much greater than the inverse of the av- 
erage domain size but is much smaller than the domain 
wall thickness, 4% would behave as k3 in three dimensions 
because of rapid cancellations inside domains. The in- 
tegrand in (4.22) thus goes like k-3m-2 and the integral is 
ultraviolet convergent. (This result is compatible with the 
Porod law ( 1$k12) m k"' for random domain wall systems.' 
For instance, for even m the Porod law contribution to 
(4.22) arising from pairwise factorizations of the $'s be- 
haves as ko-m/2-2 with ko (>N-ll2) the lower wavenumber 
cutoff, which is smaller than k f 2 ,  which we have here.) We 
should note in passing that the factor N-2 in front of the 
second term of (4.19) implies its weakness in the sense that 
perturbations from this term are not strong enough to 
disrupt the sharp domain wall states but only act to in- 
fluence the equilibrium domain wall configurations. 

For subsequent discussion it is convenient to choose lo 
such that 

l o 3 ( $ ~  - $B) = ~ O ~ ( ~ A P O A  - ~BPOB)  = 1 (4.23) 

Then, the dimensionless local order parameter $(l-lr) 
Z3$(r), which is also the inverse Fourier transform of $k, 
takes on the two values $A and $B in the A-rich and the 
B-rich domains, respectively, which are determined by the 
two conditions (4.23) and (2.4). Namely, 

$A - $B = 1 $A#A + &(1 - $A) = 0 (4.24) 

That is, 
$A = 1 - d'A $El = -d'A (4.25) 

Now, the dimensionless free energy is seen to have 
certain universal aspects. g,(u,,J depends, besides w,, only 
on the ratio f. Under a change of length scale by a factor, 
say, u, which results from changing the choice of I, (4.20), 
the two terms of (4.22) are multiplied by u-l and u2, re- 
spectively. Then, for given values of f and #*, we can 
minimize (4.22) to obtain an equilibrium morphology of 
the two domains. This minimization basically results from 
balancing of the two terms of (4.22). Under this length 
scale change, the length scale of morphology measured in 
1 is naturally increased by the factor u. The minimized free 
energy, however, remains the same. Thus as far as de- 
termination of equilibrium morphology of domains is 
concerned, no adjustable parameter remains once the 
overall length scale is fixed. Namely, the equilibrium 
mesophase domain structure is uniquely determined by 
the two physically observable parameters f = NA~A,/ 
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( N A b A 2  + N B b B 2 )  and ~ J A  = N@oB/ (NB~oA. + N@oB). Note 
that as is expected 4A is invariant under the changes N k  - bk2Nk and POk - bk2pok Furthermore, if we also require 
the symmetry of the two species such that ~ A ~ P O A  = ~ B ~ P O B ,  
then we have only a single parameter 4 A  = f .  Analogous 
situation arises also if only the m = 2 term is retained in 
the rhs of (4.22), since g, which is a constant, can be ab- 
sorbed by a change of the length scale, as indeed was the 
case in paper 1. Thus, for the two last-mentioned special 
cases, the problem becomes purely geometrical and the 
equilibrium morphology (aside from overall length scale) 
is uniquely determined by the volume fraction of one of 
the species. 

5. Long-Range Contributions 
Here we obtain expressions of the first few fL functions 

for small wavenumbers. For this we also need the C 
functions, which can be also written as 

C m ( q I  = (n/VC*m(qI (5.1) 

with 

C * m ( q I  P (&q,&q, * a *  &,)c (5.2) 

where (5.2) is computed for a single polymer chain. 
Then we find 

= (n/ V'-mf*m(qI (5.3) 

where f*,(q) is obtained for a single polymer chain. In 
this section all the connected averages are for a single chain 
with the following microscopic Hamiltonian: 
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C * 3 ( q 1 9 2 a 3 )  = 
T3[(91'Q2)(91'Q3) + ( s 2 . q 3 ) ( c r z . a 1 )  + ( 4 3 ' 4 1 ) ( q 3 ' 4 2 ) 1  

(5.11) 

with q, + q2 + q3 = 0 and 

Here 4 7 )  was expanded in terms of normal modes E ,  with 
free end as 

2 N  TP 
N p = 0  N 47)  = - CEp cos -7 

Hence we have, denoting the unit dyadic by 1, 
2 

( E p E p r )  = 6 p p  !1N( 2 E )  7rp 

(5.5)  

The multipole moments are then expressed as 

(5.7) 

where 

N =P N 
?'P FP = f ( 7 )  cos 7 7  d7 = - sin r f p  (5.9) 

and primes on surflmation signs exclude the p = 0 terms. 
First we take up rZL(q). For small Iql we find (5.6) and 
(5.7) 

(5.9') C*z(q) = q2(pZ2)c = T2q2 

with 

(5.10) 

Next we consider C*,(q), which is the sum of the terms 
of the form (QPP),. After some algebra we find 

C*4(qJ consists of two types of terms of the forms 
( QQPP)c and (UPPP), with U is the octapole moment. 
The result is, with q, + q2 + q3 + q4 = 0, 

(6) 

C * 4 ( Q l q z q 3 s 4 )  = - T 4 Q C ( q i . S 2 )  [ ( q I ' q 3 ) ( a 2 ' a 4 )  + 
(4) 

( q 1 . q 4 ) ( a 2 * s 3 ) 1  - T 4 u C  ( c r l . a z ) ( a l . e ) ( c l l . s 4 )  (5.13) 
where and are the summations over six and four 
terms, respectively, obtained by interchanging indices for 
symmetrizing the results. The coefficients T4Q and T4u 
which correspond to the two terms arising from (QQPP), 
and (UPPP ) c ,  respectively, are given by 

where the sum of the q's in each f*, has been chosen to 
be zero and in (5.15~) we have put q5 = -ql - q2 = q3 + 
%. The summations in (5.15) are over proper combinations 
of the q's to symmetrize the f*"s in the wave vectors and 
the number of the terms in the various summations are 
shown in parentheses. 

T, generally behaves as 
T, = Nm-ltm(f) (5.16) 

which, together with (5.1), conforms to the general results 
(4.12) and hence (4.14). 

6. Equilibrium Free Energy 
Here we attempt to evaluate the equilibrium free energy 

for the ordered structures. As was done in ref 1,2,5, and 
6 we consider three structures. One is a lamellar structure 
alternating the A-rich domains and B-rich domains. The 
width of the A-rich domains is denoted by R. Two other 
structures are a triangular lattice of disks and a bcc 
structure of spheres with radius R of the A-rich domains. 
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Figure 3. Second-order term of the free energy versus f for 
lamellar (-), cylindrical (- . -), and spherical (- - -) structures. 

structure is denoted by a. In the strong segregation limit 
the ratio R / a  is given by 

R / a  = f (lamellar) 
= (31/2f/2a)1/2 (disk) 
= ( 3 f / 8 ~ ) ' / ~  (sphere) (6.7) 

The function $ ( x )  is the structure function of the d-di- 
mensional hypersphere: 

2 

2 

3 
x3 

$ ( x )  = - sin (x/2) d = 1 
X 

= -J~(x) d = 2 

= -(sin x - x cos x )  

X 

d = 3 (6.8) 

with Jl(x) the Bessel function. Finally ki are the reciprocal 
lattice vectors. 

The m = 2 term in (6.1) was obtained in part 1 by the 
Ewald method. The results are summarized as follows. 

-f 
0 0.1 0.2 03 O L  0.5 - 
0 01 0 2  03 0 4  05 

Figure 2. Plots of TZ, T4u, and T4Q versus f. 

We do not distinguish the volume fraction $J = $JA of the 
A-rich domains and the block ratio f since these two 
quantities are identical with each other in the extremely 
strong segregation limit of the symmetrical case pOA = pOB 
in (3.5) to be considered here. 

The long-range part of the free energy functional is given 
from (3.9), (5.3), and (5.15) by 

m 

' 6xiki,of(m)(kl ... k,) X 

$( kl!) ... $( km!) (6.1) 

where f(m) are given up to m = 4 by 
f"(kl,k2) = l /kI2  (6.2) 

4P4fhu0 - 
k12k22k32k42 

(tz12k22 - (kl.k2)2)(k,2k,2 - (k3-kJ2) 
(6.4) 

The functions p3, p4Q, and p4u are now dimensionless and 
given respectively by 

k12k22k32k42(kl+ k2)2 3F3i;(fl2 

(6.5) 

The 2"'s are the decreasing functions o f f  as shown in 
Figure 2. The lattice constant of an ordered mesophase 

1 
12 
31P 
87r 

= -(1 - f 1 2  (lamellar) 

= -((-c*~ + f - In f ,  (disk) - .. 
= 2( )z/3f-1/3(0.2 + 0.lf - c*#I3) (sphere) 

(6.9) 
where c * ~  = 0.99749 and c * ~  = 0.29864. By taking into 
account the short-range part P, (329, in the free energy 
functional we thus obtain the equilibrium free energy, The 
results are displayed in Figure 3. Note here that the free 
energies of the different structures meet each other almost 
tangentially at fc l ,  and especially at f,. The transition from 
the spherical structure (bcc) to the cylindrical structure 
and from the cylindrical structure to the lamellar structure 
occur respectively at the critical values f, and fc, off given 
by 

f,, = 0.194 and fcl = 0.35 (6.10) 

These values are slightly different from those obtained 
in part 1 since we have used the approximation c * ~  = 1 and 
c * ~  = 0.3 there. 

Here we wish to correct two transcriptional errors in part 
1. The coefficient in (3.18a) should carry an extra factor 
1/N. The coefficient 113 in (4.43) should be replaced by 
11s. 
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f These are not far from (6.11). 
0.2 0.3 _ .  

0 

c 

- 0.2 t 
Figure 4. Ratio of the third-order term of the long-range part 
of the free energy HL to  the second-order term HL versus f for 
cylindrical (-) and spherical (- - -) structures. 

Now we examine the higher order corrections m > 3 in 
(6.1). This is, however, a very difficult task. One of the 
reasons is the slowness of the convergence of the sum- 
mation over ki. We have applied the Ewald method to the 
lowest order term with m = 2. A similar method is possible 
in principle for the higher order terms as well. In practice, 
however, the resulting expressions would become terribly 
complicated. More serious is the fact that the expansion 
(6.1) does not possess any smallness parameter of the ex- 
pansion. Thus we cannot evaluate the higher order cor- 
rections in a controllable manner. 

This is what one should generally expect in the strong 
segregation limit where the reduced dimensionless am- 
plitude of modulation is of the order of unity [see (4.25)].9 
We have attempted without success to see any general 
structure of higher order terms in the expansion by angular 
preaveraging like (6.12). Nevertheless we would like to 
point out the difference of our scheme from the naive 
expansions and truncation at  finite order of Hi$), (2.12). 
We have included all the expansion terms in the short- 
wavelength components of $(r) which contribute to the 
domain wall energy but have only truncated the expansion 
in powers of long-wavelength components of $(r). 

For the reasons mentioned, here at this time we can only 
present a rough estimation of the H3L term. It is readily 
found from (6.3) that H3L for a lamellar structure vanishes 
identically. We have calculated H3L numerically for a 
triangular lattice and a bcc lattice. The reciprocal lattice 
vector k takes the form k = (27r(nl - nJ,  2?r(nl + r1~)/(3l/~), 
0), for a triangular lattice, and k = (2a(ml + m2), 2?r(m2 
+ m3), 2?r(ml + m3)) for a bcc lattice where ni and mi are 
integers. We have introduced the upper cutoff for Ikl such 
that [nil I 10 (i = 1,2) and lmil I 5 (i = 1,2,3). The results 
are displayed in Figure 4. The correction H3L is appar- 
ently small compared to HzL. For instance H3L/HzL = 0.1 
at  f = 0.036. However, as can be seen from Figure 3, this 
correction results in a rather large shift of the critical values 
off. In fact we obtain the following new critical values: 

f,, N 0.29 f,l 0.40 (6.11) 
Since the convergence of the summation in (6.1) is slow, 
the values given in (6.11) are not precise. We may say only 
that the critical values increase rather substantially by the 
correction H3L. We have performed ?n alternative esti- 
mation of H3L. That is, we replaced 1’(3), (6.3), by its an- 
gular average: 

(6.12) 

Using the fact that $(r)2 = $(r) where $(r) = 1 in the 
A-rich domains and vanishes elsewhere we see that H3L is 
proportional to HzL and can be expressed by (6.9). The 
critical values f,, and f,l obtained in this way are given by 

fa, = 0.335 f,, = 0.42 (6.13) 

A very preliminary numerical estimation of H t  indicates 
that HdL is larger than H3L. In fact, we obtain H d L / H Z L  
> 1 for a lamellar structure and H4L/HzL > 0.5 for a cyl- 
indrical structure both for f > 0.35. Thus it is impossible 
at present to obtain reliable estimates for the values off, 
and f,l including the higher order corrections. 

7. Discussions 
In this work we have reformulated the field-theoretical 

approach to the equilibrium morphology of block co- 
polymer melts so as to retain as much generality as possible 
and to exhibit clearly the general scaling behavior. The 
results indicate existence of higher order long-range in- 
teraction terms which produce significant corrections to 
the threshold critical values off for different mesophase 
structures in the strong segregation limit of the symme- 
trical model. Here all the parameters are scaled out and 
the calculation is “purely” geometrical. In view of the 
necessity of very accurate determinations of free energies 
for reliable estimates of these threshold values, our present 
estimates of the latter should not be taken too seriously. 
However, the results do indicate the need and importance 
of calculating the threshold values o f f  with sufficient 
accuracy, including higher order long-range interactions, 
which are now determined by geometry and are completely 
independent of adjustable parameters although accurate 
computation appears .to be a rather formidable task. 

The present analysis also applies to more complicated 
kinds of mesophase structures such as the tetrapod phase: 
and the problem again reduces to a purely geometrical one 
in the strong segregation limit of the symmetrical model. 
The computational difficulty, however, is stupendous. 

Despite all these findings we express a hope that our 
simple free energy functional of part 1 still serves as a 
useful model to represent real block copolymer systems. 

Finally we would like to comment on the related work 
by Semenov.lo In his work the spatial distribution of 
junction points plays a more important role than in ours 
and acts as a source charge density in the electrostatic 
analogue. Thus the relationship with our theory is not 
clear a t  this time. Further progress may be made if we 
generalize our formalism by including the junction point 
density field pJ(r) in addition to the $-field. The Semenov 
theory should come out if we first eliminate IC, by functional 
integration or by minimization with pJ(r) fixed. (In fact 
the general formalism of section 2 also applies verbatim 
when there are more than one type of fields, simply by 
supposing that $(j) etc. stand for $Jrj) etc., where CY) 
specifies the type of field and spatial integrations include 
summations over the CY’S as well. Such formal generali- 
zations may well be worthwhile. For instance, in this way 
one can study single-chain conformation” by including 
variables like 6(r - ~ ~ ( 7 ) ) .  As far as final results are con- 
cerned, Semenov obtains fa, = 0.12 and fCl = 0.28, which 
are quite different from our values, (6.10). The difference 
is not surprising since Semenov’s free energy values are 
approximate (with an accuracy no worse than 20%) and 
we know from section 6 that the threshold values off for 
different mesophases are very sensitive to uncertainties 
in the free energy evaluations. 
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ABSTRACT: Interfacial tensions between immiscible homopolymers are measured by using an automated 
pendant drop apparatus, which utilizes video digital image processing techniques. A recently developed robust 
shape analysis algorithm is used to analyze the experimental drop profiles. The data show the effect of 
temperature and number average molecular weight (M,) on the interfacial tension for the immiscible blends 
polystyrene-poly(methy1 methacrylate), polybutadiene-poly(dimethylsi1oxane) and polystyrene-hydrogenated 
1,2-polybutadiene. Interfacial tension decreases linearly with temperature and increases with molecular weight. 
The data are well represented by an C1 + C2M," dependence on molecular weight but are not of sufficient 
precision to determine a precise value for the exponent. The interfacial tension data for the latter blend system 
are compared with thermodynamic theories of polymeric interfaces. A square gradient theory approach, in 
conjunction with the Flory-Huggins expression for the free energy of mixing, predicts a magnitude and 
temperature dependence of interfacial tension which are in reasonable agreement with experimental data. 
The predicted molecular weight dependence corresponds well with experimental data a t  high molecular weights 
but severely underestimates the interfacial tensions for low molecular weights. 

Introduction 
The structure and thermodynamic state of polymeric 

interfaces are important features in m a n y  polymeric ma- 
terials of current  technological interest. This is especially 
true for mult iconst i tuent  systems such as immiscible 
polymer blends or  microphase separated copolymers, 
where interface structure can affect greatly t h e  mechanical 
properties.' Interfacial tension is important due to its 
influence on the morphology of multiphase polymers. A 
number of experimental investigations, for example, have 
shown that the phase structure (e.g. dispersed particle size) 
in  incompatible polymer blends is directly proportional to 
the interfacial t e n s i ~ n . ~ - ~  

Fundamental ly ,  interfacial tension is a thermodynamic 
property of the system which m a y  be calculated directly 
f rom statistical thermodynamic  theories. Experimental  
measurement of interfacial  t ens ions  is  therefore  a 
straightforward means for evaluating the validity of these 
theories. 

* To whom correspondence should be addressed. 

The existent data pertaining to the interfacial properties 
of multiphase polymers have been well summarized in 
several  review^^-^ and a monograph b y  W U . ~  Interfacial 
tension generally decreases linearly with temperature with 
a temperature coefficient in the range of dyn/(cm "C). 
An increase in  molecular weight leads to an increase in  the 
interfacial tensions; however, there are only a few studies 
which have examined this dependence i n  any detail. Ex- 
perimental interfacial t e n s i o n ~ ~ , ~ ~  between n-alkanes and 
a perfluoroalkane (C12.5F27), poly(dimethylsi1oxane) 
(PDMS) and C12.5F27 or C8F18, and alkanes wi th  poly- 
(ethylene glycol) all exhibit an apparent M,,-2/3 dependence 
on molecular weight (where M ,  is the number  average 
molecular weight), similar to what has been found for 
homopolymer surface tension.8 

This  similarity is predicted by  several empirical theories 
which relate interfacial tension to the pure  component  
surface tensions.11J2 A number of thermodynamic theo- 
r i e P 2 0  have appeared that predict the interfacial tensions 
of polymer blends. The applicability of these theories has 
been discussed i n  detai l  in  several review a r t i ~ l e s . ~ ~ ~ ~ ~ ~ ~ ~ , ~ ~  
To date, these theories have not been compared t o  data 
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